We show that any N -qubit state which is diagonal in the Greenberger-HorneZeilinger basis is full N -qubit entangled state if and only if no partial transpose of the multiqubit state is positive with respect to any partition.
Introduction
Quantum information theory [1, 2] relies on utilizing entangled state. Also there is much research of nature of entangled states related to local realistic theories [3, 4, 5] . Separable state and entangled state were defined in 1989 [6] . And which state is separable or entangled has been discussed very much [7, 8, 9, 10, 11, 12, 13, 14] .
Peres and Horodecki provided a means how to classify a state in question. A multipartite state ρ has positive partial transposes with respect to all subsystems if ρ is separable state [15] . The partial transpose of an operator on Hilbert space H 1 ⊗ H 2 is defined by
where the superscript T denotes transposition in the given basis. Especially, Horodecki et al. showed [16] that the condition is sufficient as to composite quantum states on H = C 2 ⊗ C 2 and H = C 2 ⊗ C 3 . However it was shown [17] that this criterion is not sufficient to be separable in general.
For mixed high-dimensional multipartite state, the classification of quantum states becomes much more complicated. It will be helpful to give some discussions that determine if a given state is full multipartite entangled state. Therefore several researches concerning to the sufficient condition of the detection of multipartite entanglement have been reported (cf. [18] ). However, a necessary condition to be full multipartite entanglement is open question.
In this paper we provide a necessary and sufficient condition for a specific type of states to be full N-qubit entangled state. Here, we shall investigate the property of any N-qubit states which are diagonal in the GreenbergerHorne-Zeilinger (GHZ) [19, 20] basis. It turns out that such a GHZ diagonal state is full N-qubit entangled state if and only if no partial transpose of the multiqubit state is positive with respect to any partition.
First we note a definition of full N-qubit entanglement as follows:
Consider a partition of N-qubit system N N = {1, 2, . . . , N} into 2 nonempty and disjoint subsets α 1 , α 2 , where |α 1 | + |α 2 | = N, to which we refer as a bipartite split of the system. Let us now consider the density operators W on H = ⊗ N j=1 H j , where H j represents the subspace with respect to particle j.
A density operator W may be called bi-separable with respect to a partition α 1 , α 2 iff it can be written as
where W α i l , ∀l are the density operators on the subspace ⊗ j∈α i H j . If a density matrix can be approximated by density matrices of the form (2), it is biseparable with respect to a partition α 1 , α 2 . If the density matrix cannot be approximated by density matrices of the form (2) with respect to any partition, it is full N-qubit entangled state.
2 Necessary and sufficient condition for GHZ diagonal states to be full N-partite entanglement
Consider a subset α ⊂ N N and a density operator W acting on H, let W Tα denote the partial transpose of all sites belonging to α. Let P denote a family of sets, which consists of all unions of α 1 , α 2 together with the empty set, so that P has 2 2 elements. A density operator W may be called 2-positive partial transpose (2-PPT) with respect to this specific partition iff W Tα ≥ 0 for all α ∈ P .
Clearly if a density operator W is not 2-PPT with respect to any partition, the state W should be full N-qubit entangled state.
In what follows, we shall show that any N-qubit states which are diagonal in the GHZ basis are full N-qubit entangled state if and only if no partial transpose of the state is positive with respect to any partition.
Let us consider such a multiqubit density operator X as
where |Ψ ± j represent the orthonormal GHZ basis by
where j = j 1 j 2 · · · j N −1 is understood in binary notation. Of course
The values of the positive coefficients of X, i.e., all λ are
In what follows, we shall show that X is bi-separable with respect to a partition γ and N N \γ if and only if there is positive partial transpose X Tγ ≥ 0.
Let β be a subset β ⊂ N N and l(β) be the integer l 1 · · · l N in binary notation with l m = 1 for m ∈ β and l m = 0 otherwise (0 ≤ l(β) ≤ 2 N − 1), and let j(β) be the integer binary-represented by
. Therefore using the following formula
we can see that
We shall introduce a function g because we want to use a subset of N-qubit system N N to depicture the GHZ basis as {|Ψ ± g(β) }. Here, β is a subset of N N . Hence we define a function
as follows:
The function g is two-to-one.
Let γ be a subset of N N . In what follows, we shall consider the situation where X Tγ ≥ 0. We introduce another function g ′ because we want the state in (13) behave as a two-qubit state under a partial transposition which may in general lead outside the 4-dimensional subspace spanned by the eigenvectors of Y β . So we define another function
The function g ′ is also two-to-one. Here j(β) ⊕ j(γ) is the bitwise XOR (exclusive OR) of j(β) and j(γ). Namely,
Using these functions g and g ′ , we introduce a positive operator as
This operator is acting on subspace spanned by {|Ψ
We introduce notations as follows
If and only if
Y β /A β is bi-separable with respect to a partition γ and N N \γ since positivity of partial transpose is a necessary and sufficient condition to be separable for a state on C 2 ⊗ C 2 [15] . That is, we have considered the positive operator Y β as a two-qubit state. We shall explain this fact as follows. For example, let us consider the case where β = ∅. In this case we have
On the other hand, basis system {|B 1 , |B 2 } becomes like {|11 · · · 1 , |00 · · · 0 } Hence we can depicture the states |Ψ
Using other subset β, similarly, a generic bipartite state was mapped in an operator as in Eq. (13) . But normalization factor is different (A β ≤ 1) .
In what follows, we describe the above statement using the original twoqubit system as follows. Assume Bell diagonal states as
where A = δ 1 + δ 2 + δ 3 + δ 4 = 1 and
Clearly, Z T ≥ 0 is a necessary and sufficient condition for the density matrix Z to be separable. The eigenvalues of partial transpose Z T are
We thus have the correspondence between a quantum state described in twoqubit system and an operator as in Eq. (13) described in N-qubit system. Hence, if and only if the condition (15) holds, Y β can be written as
One has
Hence, we have
This implies X Tγ ≥ 0 ⇔ Y Tγ β ≥ 0 : ∀β. Hence, X is bi-separable with respect to a partition γ and N N \γ if and only if there is positive partial transpose X Tγ ≥ 0.
On the other hand, X is full N-qubit entangled state if there is no partition γ such that X Tγ ≥ 0.
Summary
In summary, we have investigated a specific type of N-qubit states and showed that any N-qubit states which are diagonal in the GHZ basis are biseparable for a partition if and only if partial transpose of the multiqubit state is positive with respect to the partition. This implies that there is no positive partial transpose for any subsystems if and only if the GHZ diagonal N-qubit state is full N-qubit entangled state.
We cannot generalize our arguments into general multiqubit states, just because there are bound entangled states of 4 qubits. For instance, in Ref. [21] , Example 19, a 4-qubit state is discussed which is positive under transposition on qubits 3, 4, but entangled with respect to the two-component partition {1, 2, 3, 4} = {1, 2} ∪ {3, 4}.
